One of central issues in extremal set theory is Sperner's theorem and its generalizations. Among such generalizations is the best-known LYM (also known as BLYM) inequality and the Ahlswede-Zhang (AZ) identity which surprisingly generalizes the BLYM into an identity. Sperner's theorem and the BLYM inequality has been also generalized to a wide class of posets. Another direction in this research was the study of more part Sperner systems. In this paper we derive AZ type identities for regular posets. We also characterize all maximum 2-part Sperner systems for a wide class of product posets.
Introduction
Extremal set theory began in 1928 with Sperner's seminal result in [23] . Since then dozens of generalizations were discovered (a comprehensive survey of these results can be found in the excellent book [8] .) The best-known generalization of Sperner's theorem is the BLYM inequality due to Bollobás [5] , Lubell [19] , Meshalkin [20] , and Yamamoto [24] . An elegant result discovered by Ahlswede and Zhang ( [1, 2] ) gives equalities for any subset system, which, in turn, directly infers not only the corresponding BLYM inequalities, but also the strict versions. The Sperner property and related ✩ Part of these results was published in an extended abstract form in the Proc. of Eurocomb 2011.
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problems for posets have been intensively studied by many authors. Another direction in this research is the study of more part Sperner systems, which was motivated by an application of a Sperner type result in 1945 by Erdős [9] .
In Section 2 we derive AZ type identities for regular posets. We also discuss strict Sperner properties and strict BLYM inequalities for a subclass of normal posets. In Section 3 we present a 2-part AZ-identity for regular posets. Finally, we characterize all maximum size 2-part Sperner systems for products of two strictly normal posets.
Sperner systems and related problems in posets
Let (P, ≤) be a poset with a rank function r. We denote the set of elements of rank i by P i ; i = 0, 1, . . . , r(P) where r(P) is the maximum rank in P. Also N i (P) will denote the ith Whitney number of P, that is N i (P) = |P i |, and for short we will use N i when this does not cause confusion. In the sequel sometimes we associate P with its Hasse diagram and use the corresponding terminology. In particular the Hasse diagram can be represented as a series of bipartite graphs G i,i+1 (P) = P i , P i+1 ; E(≺) (for i = 0, . . . , r(P) − 1) where ≺ denotes the cover relation between the consecutive levels, that is (a, b) ∈ E(≺) iff a ≺ b (in words: if b covers a).
For the lower (resp. upper) degree of an element a ∈ P we use the notation d − (a) (resp. d + (a)). For an element a ∈ P we define Γ + i (a) = {x ∈ P i : x ≥ a} and Γ − i (a) = {x ∈ P i : x ≤ a}. Similarly, for a subset A ⊂ P we define Γ + i (A) = {x ∈ P i : x ≥ a for some a ∈ A} and Γ − i (A) = {x ∈ P i : x ≤ a for some a ∈ A}. We also put Γ + (a) = Γ + r(a)+1 (a) and Γ − (a) = Γ − r(a)−1 (a). In fact, d + (a) = |Γ + (a)| and d − (a) = |Γ − (a)|. Given a subset A ⊂ P we denote by U (A) the upset (also called filter) generated by A, that is U (A) = {b ∈ P : b ≥ a, a ∈ A}. Similarly is defined the downset (also called ideal) D(A) = {b ∈ P : b ≤ a, a ∈ A}.
A poset P is called regular if for every element a ∈ P of a given rank, both the lower and upper degrees of a depend on its rank r(a), but not on the actual choice of a within the level. For a regular poset P we use d
) for the lower degree (resp. upper degree) of an element in P i . A poset P is called normal if it satisfies the normalized matching property, that is for every A ⊂ P i we have |A|/N i ≤ Γ − i−1 (A) /N i−1 . The definition implies that every normal poset P is graded, that is all minimal and maximal elements have rank 0 and r(P), respectively. Thus, each maximal chain in P has length r(P) + 1. It is easy to see that each regular poset P is normal.
A subset C ⊂ P with |C| = k is called a chain of length k if its members are pairwise comparable. A chain is called maximal if it is not contained in a larger chain. A subset A ⊂ P is called an antichain or a Sperner system if its members are pairwise incomparable. A subset A ⊂ P is called a k-Sperner system if it contains no chain of length k + 1. A subset A ⊂ P is called homogeneous if it consists of the union of complete levels. Clearly if A is a homogeneous system of k levels then it is a k-Sperner system. A poset is said to have strong Sperner property if for every k there exists a maximum size homogeneous k-Sperner system. It is said to have strict k-Sperner property if all maximum k-Sperner systems are homogeneous.
AZ-identities for regular posets
In this subsection we prove two Ahlswede-Zhang type equalities for regular posets. At first we need the following notation. Given A ⊂ P and x ∈ P, we denote A x = {a ∈ A : a ≤ x}. We also define W A (x) = 0 if
Finally we introduce the shorthand notation U-poset for posets with universal lower and upper bounds.
Theorem 2.1. Let P be a regular U-poset and let A ⊂ P. Then we have
Proof. We follow directly the idea of the proof in [1] . Let P be a regular U-poset and let n := r(P). Denote by E A the boundary edges of U (A), that is the edges between U (A) and P \ U (A). Furthermore, for any given
Note now that the number of maximal chains passing through the boundary edges E A is equal to the number of all maximal chains. Observe also that for each x ∈ U (A) the number of maximal chains passing through the edges
Hence we have
Since E A (x) = ∅ for x / ∈ U (A), we can rewrite this as
Observe that, in view of regularity, for every 1 ≤ k ≤ n the following holds
To finish the proof it remains to show that |E A (x)| = W A (x). The latter is clear since Γ
We emphasize that Theorem 2.1, as well as all AZ type identities presented below, can be extended to any regular poset P as follows:
Given a regular poset P and a subset A ⊂ P, let us introduce the function f : P → R, defined as follows:
where n := r(P) if x ∈ P n \ U (A)
, otherwise.
Theorem 2.1 * . For a regular poset P and a subset A ⊂ P we have
Proof. To prove the statement, we add to P universal maximal and a minimal elements a and b, respectively, and then apply Theorem 2.1 to the U-poset P * = P ∪ {a, b}. Observe now that in the identity (2.1), applied for P * , we have
= 0. This completes the proof.
It is not hard to see that for the Boolean lattice 2 [n] we have
and (2.1) reduces to the original Ahlswede-Zhang identity (see [1] ). Notice also that if A is an antichain then
for all x ∈ A and hence we have the following identity for antichains.
Corollary 2.2. For an antichain A in a regular U-poset P we have
This in particular implies the LYM inequality for regular posets:
which seemingly first appeared in Baker [4] . Note next that Corollary 2.2 can be extended to k-Sperner systems. By the dual version of the Dilworth theorem (attributed to Erdős and Szekeres see [18] Ex. 9.32b), we can decompose such a system A into k disjoint antichains A = A 1 ∪ . . . ∪ A k . Applying (2.4) to each antichain A i and then summing up all k identities we get the following identity which in turn implies k-BLYM inequality for regular posets.
Remark 2.4. It is important to recognize that Theorem 2.1 does not hold for all normal posets. For example the poset on Figure 1 (a) is normal, however does not have this property. Indeed, take the antichain A = {a, c}. Then
Ahlswede and Zhang found yet another generalization of identity (2.1) for the Boolean lattice (see [2] ) which in turn is a sharpening of the Bollobás inequality [5] . This latter result is based on a higher level regularity of the Boolean lattice, therefore we also have to restrict ourselves to a subclass of regular posets with stronger regularities.
We call a U-poset P strongly regular if for all pairs a, b ∈ P, with a < b, the number |Γ
Note that a strongly regular U-poset is regular. 
Proof. For every pair a, b ∈ P with a ≤ b let us denote S(a, b) = {x ∈ P : a ≤ x ≤ b}. By the definition of strong regularity
Note also that (by the condition of the theorem)
We proceed now like in the proof of Theorem 2.1 counting all maximal chains. We count first all maximal chains that meet S(a i , b i ) for i = 1, . . . , m. This number (by the same arguments as in the proof of Theorem 2.1) equals
Note that these m sets of maximal chains are pairwise disjoint. The number of remaining maximal chains equals
This completes the proof.
Again, when we apply this theorem to the Boolean lattice, we get back verbatim the original second AZ-identity (see [2] ), since in this case we have
Strict BLYM inequalities for normal posets
In this subsection we turn our attention to strict Sperner theorems and strict BLYM inequalities. We start with a strong result of Kleitman (which we use later), which in fact extends the BLYM inequality to a wide class of posets.
The following notion was introduced in Kleitman [17] .
Definition 2.6. If C(P) denotes the set of maximal chains in a graded poset P then a regular covering of P is a function f : C(P ) → R + ∪ {0} such that the following holds:
C∈C:a∈C Recall that any regular poset is normal, so Kleitman's theorem applies for them. It is important to recognize that normality does not always imply that the poset also satisfies the strict BLYM inequality, or strict Sperner property. In fact, none of the normal posets on Figure 1 The study of the strict Sperner property of normal posets was initiated by Engel ( [6, 7] ). He introduced the following strengthening of the normalized matching property: Definition 2.8. A normal poset P is called strictly normal if it satisfies the strict normalized matching property, that is for every proper subset A ⊂ P i ; i ∈ {1, . . . , r(P)} we have |A|/N i < |Γ − (A)| /N i−1 .
Theorem 2.9 (Engel [6]). Every strictly normal poset has strict k-Sperner property.
Furthermore Engel also proved ( [7] , [8, Ch. 4.6] ) that the direct product of strictly normal posets with log-concave Whitney numbers is again a strictly normal posets with log-concave Whitney numbers. Therefore, Theorem 2.9 holds for the direct products of such posets. The following easy result will be used in Section 3.
Theorem 2.10. Let P be a strictly normal poset. Then P satisfies the strict k-LYM inequality, that is if F ⊂ P is a k-Sperner system such that
holds, then F is homogeneous.
Proof. By the dual Dilworth theorem, F can be decomposed into k pairwise disjoint antichains. Then equality (2.8) can be written as the sum of k-BLYM inequalities, which in fact are equalities. Let A be one of the antichains in the decomposition of F , thus a∈A 1 N r(a) = 1. Suppose now that A contains elements from different levels and let B ⊂ P i be the elements of the highest level present in A. Replacing B by Γ − (B) in A we get a new Sperner system A ′ . However, in view of strict normality, we have now
> 1, a contradiction with Theorem 2.7.
The strict normalized matching property seems to be a rather strong prerequisite. How can one find such posets? The following notion (introduced in [6] , [7] ) leads to a subclass of regular posets that satisfy this property. Definition 2.11. A poset P is called level-connected if for each i the bipartite graph G i,i+1 (P) is connected.
The following fact is a special case of a more general statement in [6] .
Lemma 2.12. A poset is strictly normal if it is regular and level-connected.
Thus, we have the following: Corollary 2.13. Let P be a regular level-connected poset. Then it satisfies the strict k-LYM inequality.
Remark 2.14. Using the same approach as in Lemma 3.6 (in Subsection 3.2), we can also show that for a maximum size k-Sperner system F in a normal poset the equality a∈F 1 N r(a) = k holds. Applying now Theorem 2.10 for a strictly normal poset we get Theorem 2.9.
Two-part problems
Let S = S 1 ⊎ S 2 be a fixed partition of the underlying n-element set S. A family H of subsets of S is called a 2-part Sperner family if
Katona [14] and Kleitman [16] proved independently around 1965 that no 2-part Sperner system in the Boolean lattice can be bigger than a maximum size Sperner family.
Much later, only in 1986, P.L. Erdős and Katona [11] proved that the 2-part Sperner theorem in the Boolean lattice is strict, that is all optimal 2-part Sperner families are homogeneous. Here, homogeneous means that the family is a union of products of complete levels in 2 S 1 and 2 S 2 .
In 1971 Schonheim proved (see [22] ) the 2-part Sperner theorem for the direct product of two divisor lattices: here a subset A ⊂ P 1 × P 2 is called 2-part Sperner system if whenever both components of (x, y) ∈ A are smaller than the corresponding components of (u, v) ∈ A then neither x = u nor y = v hold. Katona in [15] generalized this result for the direct product of symmetric chain posets.
2-part AZ-identity
In this subsection we derive a 2-part AZ type identity for direct products of regular posets.
Let P and Q be regular posets and let A ⊂ P × Q. For each y ∈ Q we define A(y) = {a ∈ P : (a, y) ∈ A} and A x (y) = {a ∈ P : (a, y) ∈ A, a ≤ x}. Furthermore, for a given (x, y) ∈ P × Q we define W A(y) (x) = 0 if A x (y) = ∅ and W A(y) (x) = Γ − (x) \ Γ + r(x)−1 (A x (y)) otherwise. Theorem 3.1. For regular U-posets P and Q and a subset A ⊂ P × Q we have
By convention, for {x}
r(x) = 1) we put
).
Proof. For any given y ∈ Q i we can apply the AZ-identity (2.1) for the subset A(y) ⊂ P. Summing up the corresponding identities for all y ∈ Q i we get:
We do the same for all levels i = 0, 1, . . . , r(Q) in Q and then sum up all these identities. This gives the result.
It it easy to see that the latter implies the following identity for 2-part Sperner systems in a product of two regular U-posets. 
A strict 2-part Sperner theorem
In this subsection we generalize the strict 2-part Sperner theorem (see [11] ) for direct products of two strictly normal posets. The proof follows closely the proof of the original strict 2-part Sperner theorem in [3] .
Theorem 3.3. Let P and Q be strictly normal posets and let F ⊂ P × Q be a maximum size 2-part Sperner system. Then F is a homogeneous system.
In fact, the theorem allows us to characterize all maximum size 2-part Sperner systems in the described subclasses of normal posets. To do this we define below the notion of the well-paired homogeneous system. Let F = (i,j)∈I P i × Q j . Then clearly F is a 2-part Sperner system if and only if I is a transversal, that is every two members of I do not have a component in common. Clearly |I| ≤ min{r(P), r(Q)} + 1 and in the case of equality, I is called a full transversal (otherwise it is called partial). Note that if F is a maximum size homogeneous system, then I is a full transversal, since every partial transversal can be extended to a full one. Now clearly |F | = max
. . , r(P)} × {0, . . . , r(Q)} is a full transversal. Thus, an optimal F consists of union of products of full levels in each poset, such that |I| largest levels in P are paired with corresponding |I| largest levels in Q. We call such a 2-part Sperner system well-paired. In fact, we have seen that the following holds.
Lemma 3.4. Let P, Q be ranked posets and let F ⊂ P × Q be a maximum size homogeneous 2-part Sperner system. Then F is a well paired system.
We can rephrase now Theorem 3.3 as follows:
( †) All maximum size 2-part Sperner systems in the described classes of product posets are well-paired.
We prove Theorem 3.3 through a series of lemmas. Let C := C 1 × C 2 where C 1 := C(P), C 2 := C(Q) and let n 1 := r(P), n 2 := r(Q).
Lemma 3.5. Let P, Q be normal posets and let F ⊂ P × Q be a 2-part Sperner system. Let also
Proof. Let C 1 and C 2 consist of elements a 0 < a 1 < . . . < a n 1 and
Observe now that this I is a transversal. Hence the result.
The following result plays a key role in our proof.
Lemma 3.6. Let P, Q be normal posets and let F ⊂ P × Q be a maximum size 2-part Sperner system. Assume also that n 2 ≤ n 1 . Then
Remark 3.7. The prove of this equality from [3] for Boolean lattices used results from the theory of convex hulls for 2-part Sperner families ( [10] ).
Here we could apply similar arguments, using in addition a result of Sali ([21] ). For the sake of completeness, we give here a direct proof of this statement.
Proof. Let f 1 , f 2 be regular chain coverings of P and Q respectively. Define
Let F ⊂ P × Q be a maximum size 2-part Sperner system. Then in view of regular chain coverings f 1 and f 2 we have
Before we continue the proof of Lemma 3.6 we notice that the last inequality together with Lemma 3.4 implies the following: 
Proof. Indeed, the equality in (3.4) implies that for each pair (C 1 , C 2 ) with (
where F * is an optimal homogeneous 2-part Sperner system. Since, in view of Lemma 3.4, F * is full, it implies that |{(a, b) ∈ (C 1 × C 2 )}| = n 2 + 1. On the other hand, an equality in (3.5) implies that 6) which means that (C 1 ×C 2 )∩F = ∅ for each pair (C 1 , C 2 ) with g(C 1 , C 2 ) > 0. This completes the proof of Proposition 3.9.
Now we are going to finish the proof of Lemma 3.6. We have
Here in the first line we applied the Definition 2.7(b). The second sum in equality (3.7) is n 2 + 1, due to Proposition 3.9, finally the sum in equality (3.8) is 1 because of equality (3.6). We are done with Lemma 3.6.
3.6
Proof of Theorem 3.3. Let F be a maximum size 2-part Sperner system, and let b ∈ Q. Furthermore, let F (b) := {a ∈ P : (a, b) ∈ F }. Then
since, by definition, F (b) is a Sperner system in P. Then ≤ n 2 + 1.
This can be rewritten as ≤ n 2 + 1, (3.10) which is exactly the same, as inequality (3.8). Since F is optimal, by Lemma 3.7, inequality (3.10) holds with equality, and the same holds for inequality (3.9) . (Note that for a regular poset (3.10) follows from (3.1).) Now Theorem 2.10 implies that for each b ∈ Q the family F (b) is a full level in P. If n 1 = n 2 then we can repeat our reasoning, exchanging the roles of P and Q which clearly finishes the proof. However, if n 2 < n 1 , then we have to work a little bit more -but the remaining part is about only numbers, therefore the same method what was used in the proof of Theorem 1 in [3] finishes the proof of Theorem 3.3.
In conclusion we list some classes of product posets for which Theorem 3.3 holds, namely, the products of any two posets presented below. The first four classes of posets listed below are regular and level-connected: (i) The nth power of a star S n k : the direct product of n copies of a star S k . Note that S n k can be represented as the set of all n-tuples a n ∈ {0, 1, . . . , k} n where the rank of an element a n is defined as the number of nonzero coordinates in a n .
(ii) The linear poset (linear lattice) L n (q): the poset of all subspaces of a vector space GF (q) n ordered by inclusion.
(iii) The affine poset A n (q): the poset of all affine subspaces of a vector space GF (q) n ordered by inclusion. The rank of an element V in both posets is the dimension of V .
(iv) Let P be a ranked poset and let l, m be integers where 0 ≤ l < m ≤ r(P). Then the poset P(l, m) := P l ∪. . .∪P m is called a truncated poset of P. This gives another class of regular, unimodal, level-connected posets obtained from S n k , L n (q), A n (q).
(v) The product of n chains C(k 1 , . . . , k n ) of sizes k 1 ≥ . . . ≥ k n with k 2 + . . . + k n ≥ k 1 is an example of a class of strictly normal unimodal posets, which are not regular (see [13] ).
